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Linear-Size |IOPs for Arithmetic Computations
We adapted PCPs into IOPc with much better (but not linear) proof length,

Topay: IOP with linear Proo? |Ql\%Hn for arithmefic compvtations (over Iau—se Fields)

We use this NP-complete language {<a'-,2>'<‘>i,2>=<C"Z>}iecm]
def: R1CS(F)= { (’&B,/E/“) Jwe F™™ ot CAZ o B2 = Ca for 2:=(u,w)}.
| mxn matces
Rank 4. Constraint Systems [:g-:} H [:‘;-:J [| [:2-:} [ l}
:1 “1Z] @ :1 Bl = ’1 | Zl.-
—dn— l _\;n_ | _én_

theorem: For ‘“emooth” [ with |Fl=m(h)
RICS (F) € ToP| €.=0 &= % , k=O(logm) , 2= £ =0(m) g=0(logm), |'=O(|03mologlﬂ:’)]

We CANNOT conclude that NP has \'\nQar—|en3‘Hn LOPs (NP redvchions introduce overheads).

We assume for simplicity that m=n (4 constraints = # variables ),



Prior Choices of Encoding

Qur recipe to construct PCPs so far has been to set T=(T, ) Tl'gd.) where
O Ta is (allegedly) the encoding of a candidate assignment ie. belongs fo {Enc(a)l,
@ if T is close +o Enc(a) for some @ , Tt facilitates cher,Kiv\a that o 1S sq’ris¥yiv\%

(O What encodings did we vse for an assignment a:[n]- F?
(@ For exp-length PCPs we  used linear extensions (ako. the Hadomard code)
exponential

Enc(a): F —=F where Enc(a) ==(<a,c,>)ceu:n [Enc|= IFI"

®) For poly-length PCFs  we vsed \ow-degree mulfivariote extensions (oka the Reed-Muller code)

| mv [tilinear almost polyhomial
Enc(a): F'">fF where  Encla):= (IF {o1}, \oan) extension of o |Enc = nlogiFl _ Plegiogn)
polynomial
g : A ool 140(¢)
Enc(a): F'4™ >F  where Enclo):= (iF H, ':3 '\,) extension of o |Enc| = niedHi =y

For @ we have o linearity fest and for ® we have o (mvltivariate) low—degree test.

@ How fo tfest satisfiability? For @, random combination  For ® , use sumcheck
X tensor fest. for avetything.



Which Encodings Can We Use?

We seek an encoding Enc with several propertics.
» Constant rate: |Enc(a)l= O(lal)
o Constant relotive distance: a6 — Al Encle) Encla)) > .01

- Lets us execute our recipe of T=(Ta,Teat) , which in Turn means that we need:
- O proximity fest (check that o is close to {Enc(@)]s in few queries )
—an opproach for testing satisfiability (o replacement for the sumcheck protocol)

EAS)". SQ‘HSFYIV\% the rate and distance Q\OV\Q ( P(Q\( any good code over ﬂ:)

HARD: Qddi\'iona\\\/ SOC\’iS{:y the other requ'\remen-l-



Univariate Low-Degree Extensions

We o«aa’m place our hopes In polynomia\s: we use  UNiVARIATE |0w—d€3ree extensions ,

Review: Fix o finite field F oand domain D < IF.
The interpolation of o {function £: D=>F is fe Flx] where

Pxys > {2(,().LD,°((X) :Z;(o().(,g] &:‘_E) —— ‘

xXeéD XED {D\{d} O(—ﬁ

Let a:[n1-F be o Function.

And sometimes we choose H to have special structure,

WQ con idel\+i‘F)' ['\] Wl'H’\ some. HS F W\'H'\ lHl'-"n. (e.g. 0. Smooth . Subgroup of F* or. o subspace in IF. )

Fix on evalvation domain L.

The univariate low-degree . extension of a:tn1>F from H to L is the function

LDE (@) i L=>F defined as follows: I, view a:[n]1-F as a:H-F

Ma 2. let @ eFIx] be the interpolation of o (it has degree <Itl)
a.r He— ' — L —y 3. let LDE.,, (@) be the evalvation of & on L

[l fF :

NOTE : we evalvate the 'm’rerpola’rion oh a domain L ¢ F tather than f For ¥|exibili+y.



J Boe Inopwr. Avr. Mamn

The Reed-Solomon Code

POLYNOMIAL CODES OVER CERTAIN FINITE FIELDS*{
I. 8. REED axp G, S30LOMONZ

Fix o finite field F, domain L<F, and degree bound d. s
The Reed—Solomon code with parameters (FL,d) is “Strictly less . helps

us with notation

J, That is, evalvations on L of
RS [ﬂ:, L,d] = {f L— ﬂ: , 3 POl)'DOM.IOJ P€ ﬂ:[X] S."'. P(L)=‘F Qnd decj( P) < d } .. polynomials in FIX] of degree <d.
The RS code is a linear (error - correcting) code:
RSLF,L,d] s an F-linear sybspace of F (¥{qe RSIFL,d] YapeF, aftpgeRSIFLA]) ,

The RS code's paramefers are:

* messoge length = d. Number. of coefficients in . a polynomial of degree <d .

* block length = IL| Size. of a function §:L—=F,

* telative distance 2 —dl—ltli . By the Polynom{al Tdentity Lamma (¥ pefix] uith po, B [p=ol¢ 24P ) |

The rate (T ) is ldTl . Hence if ILI=6(d) then rofezuL(1) and relative distance > L),

OBseRve: YHSF ¥a:H-F, LDEg, (a) € RSLFL,HI],

Topay:  we construct o linear-length TOP for RICS,

temporarily assuming o proximity test for RSLF,L,d]  (uhich is the focus of the nest lechure)



Univariate Arithmetization of R1CS [1/2]

We rewrite the RICS Sa‘l‘isFin:’\hl'y condition in terms of |ow-de3ree univariote polynemials ,

let (AB,C,u) be an RICS(F) instance.

We rewrite the satisfiability condition as &4 simpler conditions: 2,=A
e A= A2 " where

3\1\/6 ﬂ:n-lm s.t. A[x]'bB[x}:C[xJ < 7 2A,23,2c€H:h s.t. 2A°28=ZC A 2Zg= Bz 2:=(M,W)
2.=Cz

Next we translote the conditions to be about univariate polynomials,
The vanishing polynomial

© Entrywise Probver of SEF is Volx)=T ().

2,02,=2, ¢ 5,(X)-24(X)~Z(X) vanishes on H < 106 st gA(X)'gg(x)—é\c(x)EE(X)VH(X)

@ TINpPuT ConsiSTENCY /\/\/’"‘/\/\—v——‘—\é\/

: H". W HGVX

Split H into disjoint Hin,Hawx for uw respectively . _l e :
The interpolation 2(x) of 2:=(kw) on H can be constructed as  (1(x)+Vy, (x) v (x)
where wy: Hy = F is the function defined as  w,lo):= W(‘:/)H—.U:S) :

Tndeed : {V«e Hin  G(0)+V, (2) W) (a) = u(a)+ 0 -Wyla) = £(a)

VaeHax ()4 Vy (0) W (a)= f(a)t Vi (o). w(?;—a((a;) - wla)=2(0)
Hin\®




Univariate Arithmetization of R1CS [2/2]

Let (A,B,C,u) be an RICS(FF) instance,

We rewrite the satisfiability condition as. 4 simpler conditions: )
2x= A2 here

JweF" ™ st. A[&]°B[&]=C[&] < 3 gfzﬂ:h:léﬂ:“ st 202=2 A 2328z z=(ww)

B/¢

2.=Cz2
Therefore, the RICS sotistiability condition is equivalent to:
Wi (x) of degree < |Hl-ul R 2,(H)= AZ(H) fbers
E| 25,28 2 of degrees <IHI st 2,00-2(X)-2(X)= hX)Vi(x) A %f(H):Bi(H) 5 (x)= )+ (- 0 -
h(X) of degree <IHI-I 2.(H)=Cz (N

This directly leads to a few steps of o protocol:

P((AR.Cw) w) Pt o hiloF V ((A,B,C,u))

« 2:=(uw), ¥ Me{ABCl 2y=Mz - * Sample s<L.

L ¥ MENBCY Fu= (L), -ttt + Check £EHO-LO T hEI WS

* he=h(L) where h(x):= é\‘(")i:(z)—é\‘(x) : * Low-degree fests:

* fur= Wa(L) where wy:Ho—F Vi (F,L, w21 Ve CF L JHI1) 2
IS defined as W,la):= W(c\;,u—iﬁi‘;, . ¥ Mefagcl: VL{'T" (H‘,L,IH])}-I

MiSSING : check that Y MefABc} ]E;A(H)=M,F\(H). We discuss this next,



Univariate Sumcheck [1/4]

The verifier hos oracle access to {:L->F that is d-close to T with deg('fkd
and has input (F,L,d,H,¥), and wants fo check that & f=3% .

.F ie\d eval  do summation SV

dowman d Jree dowmoin

AHemP"‘l: obtain £(a) for every aeH and add up

Obtaining even 4 valve of ? Vio local correction of £ taKes d=i0.(n) queries.
Even if §=0 the attempt fails:

~\t HZL then we need d=u(n) queries to interpolate {

—if HSL then we need =000 queries (fo learn Ply=Tly)

AH'QW‘Pf L cumcheck IP $or the claim /’aaf{(u)fd“ ( with n=1 variables)
The first (and only) prover messoge is +he d=ub(n) coefficients of ¢

PSC (Co, C\, ey Cd-l); V¥

ke tset Tx):=Z5, 6X' and check X F(a)=¥ and T(s)=$(5) for random sel

This is tantamount +o \'ead\'vxg 1 (hvgc) symbol Lrom > -

We Neep New Tveasl|



Univariate Sumcheck [2/4]

The verifier hos oracle access to {:L->F that is d-close to § with deg(?kd
and has input (F, L L,d, H X) and wants Yo check that Zeug(”‘) =¥ .

field d?m 3 *Gomain

Step . reduce the problem to the case d<IH
The vcxnisl'\ing Polynomial of H is wyx) ;=er(X—a),

claim: 2 g(a ( { mod VH)( a)

aeH

deq (8) < [H
deq(h) = deg(f)-IH|
Observe that Z,ey f0)=2 . h@w@+g@) ==, 4@). N

proof:  Divide F(0) by Wulx): P = X)VH(X)'\'%(X with {

10



Univariate Sumcheck

[3/4]

The verifier hos oracle access to {:L->F that is d-close to T with deg(?kd

ond has input (F,L,d, H X) and wonts Yo check that 2

val
field de clg dm

Step . reduce the problem to the case d<IH

fla)=%

C‘O\.\W\‘. Z ¥(q ( mod VH)( ) oma\osous to how the
aeH (mvltivariate) sumcheck protocol
/ works for product sefs in il

Sfe? 2: oSsume that H has hice alaquic structure (rather Hhan foc all sers)

clam: if deg(§)<IH| and H is a subgrovp ot F* then Z., §()=[Hlglo)

proof: Lot w be o generator for H (which is ¢yclic), Note that w'=

First consider a monomial: "
T ai = ZIH“ W)t = Z—m\\ ‘)J { it i=0 mod IHI: Z‘.:: () =[H]
o if 120 mod HI: (lz?- B L B

Wi
Hence all  monomials {X;}Mklﬂl in §(x) sum to O,

That leaves [Hl times c'a's constant coefficient (i.e.,'g\)(o)).

REMARK: A similar statement holds when H is an additive subgroup of F.

If de3(§)< [HI  then Zaen g(q)= (g‘ Q'“"‘)'coeff(x'"":ﬁ). The constant 2 o' is #o and computable in pely(logiil) field operations.

the sum of all
Foots of unity is 0

11



Univariate Sumcheck [4/4]

The verifier hos oracle access to {:L->F that is d-close to T with deg('fkd
and has input (F,L,d,H,¥), and wants fo check that & f=3% .

.F'| C\d QVQ‘ o svmwmati Sv

dowain d Jree domain

We Know that 2 fla)=¥ g‘::t je;?;(g);j:rl st ?(X)EE(X)VH(X)'l'é(X) and. 9(0)= Yy
< 7 ;:‘:t dde?s((%);j:m s.t. ?(X)E II:,(X)VH(X)Jr(x"S(xH z‘/ml).
P(F,L,d4,H%) ) VECT((F L 4 1Y)
Compute h(x) and f:‘(x) s.t. Ver(fF,L,d-lHl); 1.
deg(h) = deg(F)-1HI, deq(p)<IHI-l, VE (F L, i) 2.
and ?(K)E H(X)VH(XH(X'{S(XHKAH\). h:L>F SamPle S« L.
Output h=hlp and pi=pl. . PLoF  Check that £(s)= h(S)-Vile) + (5-ps)+ Fjy).

CoMpeTeness: T ZO\EH’@(a)-:X then the veritier accepts w.p. 1.

Sounpness: I ZMH’\?(AHX then  there are two cases.
© h or p is &-far (from sifable degree) — low-degree fest accepts wy. < Euwr(§)
@ h and p are §-close to (unique) he FY"[x] ond pe€ F M

L consistency check passes b.p. < CIII:I, +38. (If £h,p have “correlated agreement’ then 1.5)
12




Checking Linear Equations

he verifier haS oracle access to ¥,%:L—>ﬁ: tot are d-close to i,% of dearee <d
and has input (F,L,d, H M), and wants to check that 0 =r‘\-'§’|H

.F\ddeldg &HH

Tdea: redvce to a univariate sumcheck claim {3(0)— beH N[“M'E(L)}AGH
Let powl)=(1,%,x%..,x""). Observe that §|,=M-fl, « <powl) 41y = <pow®), M-§|uy .

Hence., 4|, # T ﬂH - B— (< pow(s), §ly > = < pow(s), M- ¥IH>]< \H\H

For every ue " <u,§l,y=<u, M-E1,> < <u,§lH>=<MTu/¥IH>
/ A T n
Rewll: <uy>=ulv ¢ %\(u(a)ﬁ(«)—(l"l u)(a)l’-(o«)) -0

S ™
© <u,Mv>=u"Mv univariate sumcheck

:<Mm(ﬁ)v> A Z(ﬁ(a)@(«)—(NTU—)(A)ﬁ(O«)) = 0. —instonce with degree
C < d+ [HI-|
L»>F

P((H:,L,d,l-l,l"l),((l,g)) \/{:'% ((FL,d,HM) soundness etrror:
) Tefr SQW\P\Q o <. [HI-| 4 (d-l)"’(lﬂl")+o(|)
R

Univariote Sumcheck for | ssel reducion sumshes

* query f,q af s
%, Pl ) vl F50E) o 5 )

- {Tpome)o)f @ =0 [~ . oal M pow®) at s } thlqtﬂm field ops

13



|OP for R1CS: Construction

P((AR.Cuw) w)
|, 2:=(uw), ¥Me{ABCl 2y=Mz
2. ¥ MefABcY Fu=2Zn(L),

3, h:: Q(L) where i;()():: é:\(x)°£g(x)—é:_(x).

Va(x)
4, £,,:= wa(l) where wy:H,, —F
(o) -k (a
IS defined as Wia):= wo\;)“i,lj(a), .
S. ¥ MeiAaBcl cw, hy st
powle) () Z),(x) - (M powte) ) () 2()

= hulX)VyX)+ X By (%)

Numetous opfimizations Fossi\ale.
Ex1: botch 3 sumchecks intp |

Ex2: boYch I\ LDTs into |

'gw/(:A}B/'FC/h : L"’“i

{? L= is defined 05
$o):= Gi(a)+ vy, (@-Fy(0)

cel
——

For each Me {ARC):
univariafe sumcheck for
> Pow(Ei@)-fylo)

— (M".powtr) (o) -'f;(A) =0

?

Hih “avx
View H in 2 po\-’rs: W w

V((A,B,C,un))

|, Sample & « fF.
2.Sample S« L and check that:
Pa(s)-Fa(5)- Fe(s) = his)- Vi (s)
W Me {aBc):
pow(S)(s): fuu(s) - (M/T;mTw))(s) {s)
L hy()-Vils) + SRy (9)
3.Low-degree tests:
VE (F,L M) 21 Vi CF, L JHI-1) 2
VMefagc): Vi (F,L, )&
VAR (FL, IM-1) 21

P (F L, H-1) 2
14



] ® improves to I—(I—S)‘l if V makes imdependemL qveries
IOP fOr R1 CS SOundneSS ® -or improves to -6 for d<O() using ‘Correlated agreement’
P((AB.C,w w) V((A,B,C,w)

claim: i d ESSW\O«X{ +(8) "’:!Fll 9‘“:"'_"2+48} |, 2:=(uw), ¥Me{ABCY 2y=Mz
2. ¥ MelAaRcY = Zn(L),

®
q . 3. h= h(L) where h(x):= ,M)—él_(x)' gwlgA}sncc,hiL—)ﬂ':
It any sent Lunction is 8-far Wi ,
4, £,,= Wx(l) where wy:H, —F F:L-F is defined 0s
wio)-R (a) Fo= Gl +vy - |. Samp(e v <« .

‘H\QI\ ’H\Q vqri-\:iqr QC(,@_F"‘S {,o,?. < ELDT(S) IS defined as Wild):= g |

5 VM€{A BC} (d te P I,\ + &F_ 2. SQMPk S&L qy\d ChQCk H\(ﬂ.:
. B, OMPV M. MS' ]

For each Mefagc):  Ta)-Fsle)-Fes) L hs) Wuls)

N A /\ A
pow(e) (x) Zy(x) - (M7 pow(e) ) (x) 2(x)
Univariate Sumc\neck for V¥ Me{AB}:

So suppose. that all sent fonctions are

= };;(x)vH(x) X Pylx)

S Dowls) pow(r)(tk) {fm(a) ) N
oM’ pow(e)(s): f(S) = (MT powl) (s) £(s)
g CJOSQ {'O ( SOI"\Q.) low dQS\-QQ Po]ynoqu,s — (M" pow(s)(a)- s}(ex) 0 1 hM(S)-VH(SHS'PM(S)

hM/ P"\ L~ lFa

/\ A A A A
3.Low- tests:
N S W P W.T. U CEL )2
LoT =

¥ MeiaBc): VL,,"(EFLIHI)
I(' (AB,Cu)& RICS(F) then one of two coses holds. V8 (F.L D)

D (F L, Hi-1) 24
Case 1: Q\H"fs‘u F é\c‘n
Hence ?A (x)-f (0 -0.x) 2 B vy (x) Input consistency is accounted for:
So B LS00 -kLs)- )= MOV(s)] ¢ Z'“‘(HA& A5 f)<8 = AlED<S
where 800:= §00 Vi, (x) + R0

Case 2: I Me {A,BC} gnluw*— M- QIH
Hence, except wp.< L% over celf PTW(?)(X)°ﬁM(>O—(M/ﬂ>-OW\W))(X)-’¥\(X) # ll;M(x)‘VH(x)-\-w’ﬁM(x),

So q [POW(G‘)(S) fuls) - (m))(s) }(s) = hy(8)-Vyls) + g.PM(s)] < lelz-\l'l
e




IOP for R1CS: Efficiency

P((AB.C,w w) V((A,B,C,w)
* round complexity: . 2:=(uw), ¥ Me{ABCY 2u=Ma |
O( 2. ¥ MeiaBcl Fy=Zu(L),
1)+ Ko 3. b= b where R0 B0B0E0 | Ll bk
* proot length (in field elements): b - ‘:A*(” "‘*‘“:)W’:(:jg;“: i 1. Sample « < FF.
1S defined as Wild):= —yoy |
" SeF 2. d ch that :
O“Ll) +O(£LDT) 5. ¥MelaBcl compvte ﬁ;ﬂn st Sample S« L 6\;\ check tha
S - (T For vk telagay: I ROTEE e W)
. ow(e) (X) 2,(x) = (M" pow(s) ) (x) 2(x BC-
) qUQl’Y CONP|QX|+Y: i ~ A P Univariate sumcheck for W Me {aBc):
= bl +% By (x) 5 Fowteiw) fuo) ——
0 ) «eﬂp{\;‘ N POW(S(S)- foa(S) = (MT powt®) (5) £(s)
O( l) + ((1LDT ‘(M.pow(r) (@)-f(=0 1 h (S)-Vuls) + SR (S)
hy, pu: L= F & M
» randomness complexity (in bits ): 3. Low-degree fests:
V,_ﬁ;' (H:,L,H-I\-\m);\ VLbT ( H:,LIIHH) 1
O( loglﬂ:l ) + ﬁ_m- ¥ MeiaBc): VL’;'-‘ (EF,L,IHI)ll
| via svifoble yse of v (L M- Ly
o prover time (in field operations): Fost Fourier Transforms Py )l
wr (L, H-1) =)
O (1ALt Bl +1Cly) + O(\L)-loglLl) + O(pt,)
* verifier time (in field operations): The soundness analysis fells s
O (1Ale+|Bl,+1Cly) + O(IL1) +0 (vt) that we can set ILI=O(IH)=B(n).

We will construct o univariate LDT (in the TOP model) with:
Kor=OUoglLl), L =0IL1), g, = OUoglLl) 1y, =OCloglLl-loglFl), pt,, = O(ILI), vir = OCloglLi).

This  will I'EquirQ o /’Sh\ooﬂf evolvotion domain L.
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